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ON THE APPLICATION OF PFAFF'S METHOD IN THE 
THEORY OF VARIATION OF ASTRONOMICAL CONSTANTS 

by 
Peter Musen 

Goddard Space Flight Center 

SUMMARY 

Cartan's integral invariant is taken as a foundation of the theory of 
variation of astronomical parameters. The differential equations for the 
general perturbations a r e  obtained as the first system of Pfaffian equa- 
tions associated with the linear differential form appearing in the inte- 
gral invariant. 

The equations for general perturbations of the Gibbsian unit vectors, 
of the Gibbsian rotation vector and of Euler's parameters a re  derived. 
The utilization of the Gibbsian rotation vector represents an extension of 
Strijmgren's and of the author's ideas on special perturbations to the 
problems of general perturbations. Euler' s parameters find their appli- 
cation in Hansen's lunar theory. 

The case of redundant elements is treated by introducing con- 
straints and Lagrangian multipliers. Cartan's integral invariant ex- 
pressed in te rms  of vectorial kinematic elements represents a powerful 
tool in the search for new sets of elements and it leads to differential 
equations having a compact form, which is convenient for the program- 
ming and use of electronic machines. 
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NOTATIONS 

mi = the mass of the i-th point in the system of points 

r . = the position vector of the i-th point 

v i  = the velocity of the i-th point in the system of points 

T = the kinetic energy 

u = the force function 

F ' U - T  

n = the disturbing function 

[n] = the disturbing function averaged over the orbit of the disturbed body 

grads $-the gradient of @ with respect s ;  grad, +-the gradient of @ with respect to s i  

k = the Gaussian constant 

M = the mass of the sun 

m = the mass of the disturbed body 

p = k2 (M + m) 

r = the position vector of the disturbed body 

r = l r /  

= the heliocentric velocity of the disturbed body 

I ,  W ,  i, P,  e, a,  n = the standard elliptic elements of the disturbed body 

u = the eccentric anomaly of the disturbed body 

= r = the vector of the angular momentum 

P ,  Q ,  R = the Gibbsian vectorial elements of the disturbed body 

e = pep = the Laplacian vector 

= the Gibbsian rotation vector 

1 1 ,  "., P'  , . . . ~ P ' ,  Q ' ,  R ' ,  * * *  

I", a", . . . , p", Q", R", . . . 

the elements of disturbing bodies 

r l o  = the unit vector in the direction from the sun to the disturbing body 

P = a ( 1  - e') 

iv 
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ON THE APPLICATION OF PFAFF'S METHOD IN THE 
THEORY OF VARIATION OF ASTRONOMICAL CONSTANTS 

by 
Peter Musen 

Goddard Space Flight Center 

INTRODUCTION 

In treating the problem of general perturbations of planets and satellites it is felt that a gen- 
e ra l  and flexible method is needed which would permit an easy transformation from one system to 
another and would also facilitate a proper choice of elements under the different circumstances. 

The standard way to develop the equations for the general perturbations in elements is based 
on the computation of the matrix either of Lagrangian or of Poissonian brackets. This computation 
is relatively simple for the classical elliptic elements, but it can become cumbersome if some 
algebraic combinations of the classical elements are taken as a new set of elements. 

An additional difficulty may ar i se  if ,  for the sake of the symmetry of the development of the 
disturbing function, some redundant elements are introduced. A s  a result, additional constrairts 
appear in the problem. It is necessary to point out, that the presence of these constraints does not 
necessarily mean that the problem of the deterpination of the constants of integration will become 
more complicated. Sometimes the presence of constraints makes th is  determination easier. Hill's 
method of general perturbations is a well known example in celestial mechanics where a redundant 
constant of integration is present. 

However, the difficulties associated with the presence of a redundant constant in this particular 
case should not be generalized to all problems in celestial mechanics. One should not be hesitant 
to make use of redundant elements if  the problem of the determination of constants of integration 
for all orders  of perturbations can be made symmetrical and if the programming can be made 
more efficient. 

In order to have a more general view and to facilitate the search for new types of elements, an 
application of Pfaff's method is made in this article to the problems of celestial mechanics. This 
method permits the formation of the equations for the variation of elements in a straightforward 
manner if these elements are obtained from the classical elements by any type of functional 
transformation. 

1 



Surprisingly, such a direct method has not found wider applications in the theory of variation 
of astronomical constants. The pioneering work of Bilimovich (Reference 1) stands rather apart 
from the main stream. Bilimovich succeeded in deducing Milankovich' s equations (Reference 2) 
for the variation of the Laplacian and momentum vectors in a rather simple way. He also deduced 
the classical equations for the variation of the elliptic elements in a very simple manner. 

The existence of Cartan's (Reference 3) integral invariant for dynamical systems is the founda- 
tion of the Pfaffian method. Using a hydrodynamical analogy we can say that the theorem of the 
circulation for an ideal fluid in the phase space is taken as a basis for the theory of perturbations 
presented herein. The equations for the variation of the elements represent the first system of 
Pfaffian equations associated with the differential form appearing under the integral sign in the 
expression for circulation. 

In this work we suggest the use of a slightly more general form of Pfaffian equations than in 
Bilimovich's work by permitting the constraints to be present and by forming the equations with 
Lagrangian multipliers. 

We shall develop the equations for the general perturbations of Gibbsian vectors P and Q and 
also of the elements the author has suggested in his article on StrGmgren's (Reference 4) perturba- 
tions (Reference 5) and in the articles on Hansen's (Reference 6) lunar theory (References 7 and 16). 

In recent times electronic equipment is being used more and more for the purpose of develop- 
ing general perturbations. We might expect that in the near future the utilization of machines in 
this domain will become even wider. This fact will have an increasingly greater impact on the 
theoretical thought and thus the search for different types of new elements is in order now. 

PFAFFIAN EQUATIONS OF MOTION WITH REDUNDANT COORDINATES 

Let us  consider 
locity vectors v i  (i 

the material system of N points having the position vectors ri  and the ve- 
= l ,  2 ,  . . ,N). The Pfaffian linear form associated with this system is 

N 

A functional transformation, 

vi = V i ( X 1 ,  X , '  

r i  = ri(xl, x 2 ,  

* .  . I X " ;  41' 4 2 '  

* * -  3 X " ;  41, 4 2 ,  

- . . ,  4,) 7 

* * * ,  4,) 7 

with the imposed conditions 

f p ( X i '  x , ,  * .  * ,  x n ;  q,, q,, - . * ,  9,) = ap 
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brings Equation 1 to the form 

where xl, x 2 ,  

scalars. 
, x,, are vectors in k -dimensional Euclidean space and q, , q 2 ,  - - e ,  qm are 

The condition 

must be satisfied. In the process of transformation from Equation 1 to Equation 2 any additive total 
differential can be neglected. 

For present purposes we can assume that all constraints are scleronomic. We write the first 
system of Pfaffian equations, using the notations suggested by Bilimovich, in the form: 

with the additional conditions 

gradifp - & x i  -t ag, a f p  6qj = 0 ( i  = 1, 2 ,  * * e ,  n;  j = 1, 2 ,  e * * ,  m;  p = 1, 2,  * - *  s )  c i = l  j = 1  

imposed on the variations by the constraints. Introducing Lagrangian multipliers, we have 

gradi 4 - dXi + L Xp dt gradi f p  = 0 
p = 1  

x d t - d F  aF = 0 .  

(3) 

(5) 
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The Lagrangian multipliers Ap(p 

gradi f p  c i = l  

= 1 ,  2 ,  * . , S )  can be determined with the help of the equations 

The existence of a Cartan integral invariant on the hypersurface 

f p  = a ( p  = 1 ,  2 ,  - * a ,  s )  

defined in (kn + m )  -dimensional space serves as a basis for deducing the Pfaffian equations. 

Sometimes, for the sake of the symmetry, it might be advantageous to increase beyond six the 
number of the osculating elements. This is done, for example, by Milankovich (Reference 2), by 
Herrick (Reference 8 )  and by the author (Reference 9). Then the relations containing the redundant 
elements can be understood as the scleronomic constraints and Equations 3-6 can be applied. 

PFAFFIAN EXPRESSION FOR PLANETARY MOTION 

In this article we deduce Bilimovich's expression for 4 for disturbed planetary motion 
using the Eckert-Brouwer (Reference 10) expression for the variation of the position vector of a 
planet. 

Originally the Eckert-Brouwer formula was designed for the purpose of orbit correction. How- 
ever, experience has shown that this elegant formula can also be used in the vectorial theory of 
general perturbations as in the present article and in the article published recently by Musen and 
Carpenter (Reference 11). 

We also suggest herein some new sets of elements, canonical and uncanonical, which follow 
directly from the form of @. 

The differential form (Equation 1) in the case of disturbed planetary motion is 

Making use of the expression for dr as obtained by Eckert and Brouwer, 

* v) de , 
- 2a r + p  r 

dr = du, x r + $ &  + +  da + ( r t z p  r t - . -  eP a2n2 

we deduce 
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"2 da 
v - dr = r x v * dy + 7 dl + r * v a + %[( r + p)  (1 + 5) - 2a] de . 

Substituting 

. = f l e s i n u  I 

v 2  = & $) , (9) 

into Equation 7 we obtain 

v .  dr = E ? - -  ( r  f )  dl + ( f i e  da + @ 2$de) s i n u  + i m R  . dY . (10) 

Differentiating Equation 8 and taking 

r 
a - 1 - ecosu - -  

into account, we have 

2d(r . v )  = ( e g d a  + 2 @i de ) sinu + 2@(1 - i) d u .  

Differentiating Kepler's equation we have 

a 
du = + s i n u d e  +i d l  . 

Eliminating du from Equation 11 by means of Equation 12 we obtain 

2d(r * v )  = (e E d a  + 2 $iiZ T d e  a )  s i n u  + 2 ?7= (: - 1) dl 

Taking Equation 9 into account we deduce 

2d(r . v )  = (g- V ) d l  + (e f l d a  + 2; p de) sinu . 

5 
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Comparing the last equation with Equation 

v - d r  = * d l +  

Decomposing the infinitesimal rotation dy 

10 we conclude that 

i p ( 1  - e’) R . du, + 2d(r . v )  . 

along the axes P , Q, and R we have 

dy = d P  * QR + d Q  RP + dR * PQ 

and Equation 13 becomes 

v * dr = fi dl + 4 ~ 7 )  Q . d P  + 2d(r . v )  . 

Neglecting the total differential 2d(r . V )  we have 

with F = p/2a + a. Equation 15 was deduced by Bilimovich on the basis of a different consideration. 

EQUATIONS FOR VARIATION OF VECTORIAL ELEMENTS 

Milankovich has deduced the vectorial equations for the determination of general perturbations 
of vectors c and e .  

The vectors P and Q constitute a better choice for the development of the disturbing function 
and the computation of the position and velocity vectors. 

The elements we choose are 

I ,  a ,  e ,  P and Q 

For reasons of symmetry we take the expression for 4 in the form 

q5 = fi dl t 4 j p 7 )  (Q . dP - P * dQ) + F dt 

with the three additional conditions 

The Pfaffian equations (Equations 3-6) for the variation of constants in this particular case become: 

6 



$ $ =  0 ,  

(21) 
%J 

7 - d  ,'/.. = 0 ,  

where u , v and w here are the Lagrangian multipliers associated with the constraints (Equation 16). 

After some easy transformations we deduce from Equations 17-21: 

where 

d-g t (A  t w) P + VQ t gradq F = 0 , 

dQ 
na2 dt t ( A  - w) Q - UP - gradp F = 0 , 

By multiplying Equation 22 by P and Equation 23 by Q we deduce: 

A t w = -P * gradq F , 

A - w = tQ . g r a d p . F ,  

1 



Multiplying Equation 22 by Q and Equation 23 by P and taking Equation 25 into account, we have 

1 - e 2  aF , = -Q g r a d p F  -7 

1 - e2  aF 
u = -P * gradp F - ~ - e ae . 

Substituting Equations 29-31 into Equations 22 and 23 and taking the identity 

I = P P + Q Q + R R  

into account, we obtain 

dP 1 ,'1 - e2 a~ 
dt - - naz i n  RR gradq F + ,a2 e ZQ' - -  

1 f i  aF 
d t = +  na2 fm- RR grad,, F - naz e X P .  
dQ 

These two last equations are new. Equations 24 and 26 can be written in the classical form: 

- 
dl 1 - e* aF 2 aF a e - i G z  dt na2 e 
- = -- 

From Equations 27, 28, and 34 we deduce 

de 
dt - '- 1 - e2 aF 

na2 e 
-(P . gradq F - 0 * grad,, F) 

al' na2 e 
_ -  

(33) 

(3 5) 

The system Equations 32-36 forms a complete set to be used in the development of perturbations. 

From Equations 32 and 33 we see that the constraints (Equation 16) are satisfied. Because of 
the existence of these constraints the determination of the additive constants of integration associ- 
ated with Equations 32 and 33 becomes extremely simple. This simplicity justifies in part  the 
choice of P and 0 as the basic elements. Changing the notation, we shall designate any disturbed 
element E as a series 

E + E, + E, + E ,  t - 0 .  , 

where E now means the undisturbed value and E, are the perturbations of k-th order. We deduce 

8 
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from Equation 16: 

P - P ,  = 0 ,  

1 
P * P, + T P 1 2  = 0 ,  

P P, + P,. P, = 0 , 

...................... 

Q * Q ,  = 0 ,  

1 
Q * Q,  + - Q 2  = 2 1 O ,  

Q . Q , + Q ; Q ,  = 0 ,  

...................... 

Q - P 1 + P . Q l  = 0 ,  

Q . P , + P . Q , + P ; Q ,  = 0 ,  

Q . P , + P * Q , + P ,  *Q,+P;QI = 0 

......................................... 

For pk , Q, (k = 1, 2 ,  - . . ) we obtain from Equations 32 and 33 equations of the form: 

* ;  Pk-1, Qk-1, ak-17 ’ k -1 ,  ek - l )  
dP k _- d t  = f k ( P ,  Q ,  a ,  I ,  e; P, ,  Q , ,  a,, I , ,  el; * .  

Let 

(Pk) = Ifk dt , 

(39) 

9 



where the integration is performed in a formal manner. We can write 

where pk j ,  qk a r e  the constants of integration. The expressions (pk) , (a,) contain the secular, 
the mixed and the purely periodic terms, but there a r e  no constant terms. 

Let [ f l  designate the constant part  in the multiple Fourier ser ies  of some function 
f ( I  . z’, I ...... ) . Taking into account 

[(‘k)] = [(‘k)] = 

we deduce from Equations 37-39: 

PI1 = 0 9 

1 
P,, = - T  [P?] I 

P31 = - [P1 * P,] I 

.................... 

1 
q,, = -7 [a;] 7 

q,, = - [Q, . Q,], 

.................... 

- 
911 - -p12 ’ 

q21 = -pz2 - [Pl * Q I I  ’ 

q31 = -p32 - [‘l ‘21 - [‘Z * ‘11 ’ 

..................................... 

10 
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We see from Equations 40-42 that in the process of the determination of the perturbations of 
k -th order in P and Q the three constants pkZ, p k 3 ,  qk3 can be considered as independent. The 
constants q,, are determined in te rms  of pk2 and of the constants of the lower orders. The 
constants pkl and q,, are also functions of the constants of the lower orders. Although there are 
redundant elements there are no redundant constants which cannot be determined easily. For 
the disturbed position vector r we have the standard expression 

r = Pa(cosu - e )  + Qa i n  s i n u  , 

u - e  s i n u  = 1 ,  

where all symbols now designate the disturbed elements. 

In order to verify the correctness of Equations 32, 33, and 36 we shall deduce them from the 
corresponding classical equations. From 

7 cos w cos sa - s i n  w s i n  sa cos i 

+ s i n w  s i n  i i s i n  a +  s i n  w cos Q cos i , 

cos 8 - cos w s i n 0  cos 

s i n  0 t cos w c o s  0 cos i 

+ cosw s i n i  

f s i n  66 s i n  i i t c o s i  i R = -cos Q s i n  i , 

we have 

and as a consequence of the two last equations: 

(45) 

11 



From 

aF - ap aq 
2E - aE g radpF  + * gradpF , 

where 

and Equations 43 and 44, we deduce 

aF - = aw Q * gradp F - P * gradp F , 

= s i n w  (R gradp F )  + cos w ( R  * gradq F) , 

- E = k x P gradp F -t k x Q gradp F 

Substituting 

k = (P s i n w  + Q cosw)  s i n i  -t R cos i 

into Equation 50, we obtain 

aF 
-sinw(R * gradq F) t cos w ( R  . gradp F) = - - s i n  i - aa  aF -t c t g  i . 

From Equations 36, 45-47 and Equations 32, 33, 48-50 we obtain the classical equations: 

12 



1 - e2 aF v n '  aF 
dt = +--- na2e '1 

- de 
a w .  na2 e 

Let the matrix of direction-cosines between ( P .  Q ,  R )  and ( P ' ,  Q ' ,  R ' )  be: 

a3 ' 

Q - P '  = p l ,  Q - Q '  = p 2 ,  Q * R '  = p 3 .  

R * P '  = Y , ,  R e a '  = y 2 ,  R - R '  = y 3 .  

p . Q '  = a2 ., p . R '  = P ' P '  = al ' 

The disturbing function depends upon al , a2 , p, and p i .  Taking into account 

gradp al = gradp = P '  , 

gradp p2 = gradp a2 = Q '  , 

gradp al = gradp a2 = gradp ,B1 = gradp p2 = 0 

we obtain: 

aF P '  t - aF Q '  , 

aF p '  + - 3F Q '  , 

aa2 
gradp F = - 

aal 

gradp F ~ a 4  

R * gradp F = - aF aF 
aal ~1 7 Y Z  1 

R . gradp F = ap, aF 7, + ap, aF Y2 

and the Equations 32 and 33 become 

If the frame (P'  , Q '  , R '  ) is a basic reference frame, then the last two equations become: 

13 



dP 
dt 
- 

dQ 
dt - 
_ -  

1 --- 
na2 fF-2 

1 + 
naz v m  ,az e 

aF 
X P  + Q x y' , 

(53) 

(54) 

is the absolute angular velocity of rotation of the frame (P '  , Q ' ,  R '  ) , and 

da' di' 
+1' = + sinw' sin i' dt + c o s w '  dt , 

d@' di' +; = + cosw' sin i' dt - sinw' dt , 

do' dw' 
dt 3,' = cos i '  dt + - . 

From Equations 53 and 54 we deduce the following system of scalar equations for the variation of 
the direction-cosines: 

and 

14 
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Substituting Equations 51 and 52 into Equation 36 we obtain 

Equations 32, 33, and 36 can be applied to the determination of the lunar and solar long period 
effects in the motion of close satellites. In the case of close satellites the short period terms, 
depending upon the mean anomaly of the satellite, can be neglected and the remaining portion Dl 
of the disturbing function can be developed (References 12 and 13) into the ser ies  of polynomials in 
e andin 

a -  - a1 cos f' + a2 sin f' , 

p = pl cos f' + pz sin f' , 

Y = y1 cos f' + yz sin f' . 

Taking into account 

gradp a = gradq p = r l o  , 

gradq a = gradp ,B = 0 , 

we obtain from Equations 32, 33 and 36 

and 

de 
dt - = +  

A very elegant and convenient development of the disturbing function -31 close sate ites was  
given by Kaula (Reference 14). The use of the Gibbsian rotation vector 
suggested in an article (Reference 5) on the improvement of Strgmgren's theory (Reference 4). 

(Reference 15) was  

15 



The basic vectors P and a can be represented as relatively simple functions of g and the 
introduction of g removes the necessity of keeping constraints (Equation 16) as the additional 
conditions. The components of g in the inertial system a r e  

cos 9 ( w  - ") 
cos 2 (0 t ") 

i 
g, = + 1 t g T  9 

1 
g, = + t g T ( w  + ") . 

Equation 47 shows that the Pfaffian (Equation 15) can be written as 

4 = dl + i p m  (du + cos i dQ)  + F dt . 

This form was originally used by Bilimovich. Taking 

g2 
w - a = - 2 arctan g , 

1 

w + = 2 arctan g, , 

and 

into account, we deduce from Equation 55 

where we put 

s = k + g x k .  

The Pfaffian equation corresponding to g is 

I .  

16 
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or, after the differentiation is performed, 

%a2 e de + gradp F = 0 . (58) - (na da 

Taking into account 

we can write Equation 58 in the form 

where 

We have from Equation 59: 

or, after developing the triple product, 

From Equations 57 and 60 we have 

h - s  = 1 ,  

and Equation 61 becomes 



The Pfaffian equation associated with e is simply 

o r  

From Equations 63 and 64 we obtain 

Multiplying Equation 59 by h and taking Equations 62 and 34 into account, we deduce 

de 1 - e2 aF ( 1  + g 2 )  
= = + - -  . gradg F . 

2na2 e a1 - na2 e 

The use of the Gibbsian rotation vector represents an application and an extension of StrSmgren's 
and of the author's ideas from the domain of special perturbations to the domain of general per- 
turbations. The use of the vector 
nearly coincides with the osculating orbit plane at the initial epoch. Then the components of 9 be- 
come small-of the order of perturbations. 

becomes especially convenient if  the basic reference plane 

Now let a ,  e, I be the disturbed and P ,  Q the un-disturbed elements and put 

r = Pa(cos u - e )  + Qa 1- s i n u  . 

u - e s i n u  = 1 

Writing the matrix of rotation 
Gibbsian form 

, which transforms r into the disturbed position vector r , in the 

we have 

or, in the developed form, 

18 



or  

EQUATIONS FOR VARIATION OF EULER'S PARAMETERS 

It is also of interest to deduce the equations for the variation of elements in te rms  of Euler 
parameters: 

1 1 
A, = sin 7 i cos 7 (w - * )  , 

1 1 A, = sin 3 i sin 2 (w - a )  , 

1 1 
A, = COS i sin (w + a )  , 

1 1 
A, = cos 2 i C O S T  ( w  .t * )  . 

The additional constraint is 

Two of these parameters, namely A, and A,, were used by Hansen (Reference 6) in his lunar 
theory. The author has suggested the use of all four in the theory of artificial satellites (Refer- 
ence 7) and in a modification of Hansen's lunar theory (Reference 16). Writing the Pfaffian (Equa- 
tion 55) in the form 

i 
d(w + ") + tan2 7 d (w - * >  

@ = G d Z  + )/,ua(l - e') + F dt 
1 + tan2 

and taking Equation 68 into account, we deduce 

4 = G d l  + 2 )/p(l - e2) ( A ,  dA, - A, dA,  + A, dA, - A, dX,) + F dt . (70) 

The Pfaffian equations associated with the A-parameters take the form: 

19 
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* t 2d [ i m  A,] - wX, dt = 0 ax, 

- 2d [ i m  A,] wX, dt = 0 

* - 2d [ d m  A,] - wX, dt = 0 ax, 

* t .2d [ i m  A,] - wX, dt = 0 , ah, 

where w i s  the Lagrangian multiplier associated with the constraint (Equation 69). Putting 

we can write Equations 71-74 in the form: 

- AX, - 4naz dX2 - ax, aF t wX, = 0 , 

(73) 

(74) 

W h ,  = 0 , (77) t AX, t 4na2 d 3 ~ -  ax, + 
dX, aF 

t AX, t 4naz {- 1 - e' -- dh4 aF t wh, = 0 , d t  ax, 

From this last set of equations and Equation 69 we have 

aF aF aF aF 
A = - X , a h , + X , q - X , a X , + h , a h , '  

and 

where, for the sake of brevity, we put 

20 



From the Pfaffian equation 

we deduce, after some transformations, 

and Equation 81 becomes 

Substituting this value of w into Equations 76-79 we obtain: 

Taking Equations 80 and 82 into account we deduce from the last set of equations: 

21 
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"1- -A aF 
aF - ( A ,  A, .t A, h3) ah + (A: + *:) ax3 2na2 e 3 ae . 

A similar set  of equations was recently deduced by the author in a less  direct manner (Refer- 
ence 16). From Equations 34, 75 and 80 we obtain 

aF aF aF de 1 - e2  aF 
dt na2 e ' 1  2na2 e 
- = + ~- 

The disturbed position vector r is given by the formula: 

a ( c o s  u - e )  

where 
u - e s i n u  = 1 ,  

where a ,  e ,  I are the disturbed elements. The expression for the matrix 
h 3 ,  A, is given in Reference 7. We repeat it here for the sake of completeness: 

in te rms  of A,, A 2 ,  

r = [ x i j ]  , 

22 



We can also form different sets of purely vectorial elements by taking Equation 15 as a basis. 
Writing Equation 15 in an equivalent form 

4 = - Il/ladl + )/pa(l - e Z )  P .  dQ - F dt  

and putting 

we deduce from Equation 84 

4 = p * d q - F d t .  

Thus and q represent a purely vectorial canonical set of elements. We have 

dq - dt = + gradp F , 

% = - gradq F . 

CONCLUSION 

(84) 

The Pfaffian method is suggested for use in the search for new sets of elements and in the 
formation of equations for their variations. The application of vector analysis permits the for- 
mation of Pfaffian equations in a very compact and elegant form. A method of integration similar to  
von Zeipel's method (Reference 17) can be based on the expansion of the Pfaffian differential form 
in powers of a small parameter. 
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